GT AND Sequential Synthesis:
Exploiting Native Sequential Device PDBFs
Abstract
Conventional sequential logic synthesis assumes that the next-state and output functions of a finite-state machine are completely specified before optimization. In practice, however, sequential specifications inherently contain unreachable states and unreachable state/input combinations whose behavior is never observed during correct operation. Consequently, sequential devices are naturally represented as Sequential Device Partially Defined Boolean Functions (Sequential Device PDBFs) consisting of a specified reachable region and an unspecified unreachable region.
This paper introduces GT AND Sequential Synthesis, a synthesis methodology that exploits the optimization freedom contained in the unreachable region before conventional logic synthesis. Rather than optimizing a single completed Boolean function, GT searches the space of Legal Completions while preserving the behavior of all reachable states.
A simple three-state traffic-light controller demonstrates the concept. Although the controller contains only two unreachable state/input combinations, GT reduces the synthesized implementation from seven to four logic gates while simultaneously reducing logic depth and wiring complexity compared with conventional synthesis. This example illustrates that even modest amounts of unreachable behavior provide significant optimization opportunities.
The paper concludes that ONLY reachable behavior defines correctness, while unreachable behavior defines optimization freedom. Consequently, Sequential Device PDBFs are not introduced by GT; they are an intrinsic property of sequential logic.
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1. Introduction
Logic synthesis has traditionally been formulated as the optimization of completely specified Boolean functions derived from a sequential specification. Once the state encoding and transition functions have been determined, conventional synthesis algorithms seek an implementation with reduced area, delay, or power while preserving the specified behavior.
This formulation implicitly assumes that every combination of the current state and primary inputs defines meaningful behavior. However, sequential systems fundamentally differ from combinational logic. During correct operation, only a subset of all mathematically possible state/input combinations is ever reachable. The remaining combinations are impossible because of the structure and semantics of the sequential specification.
These unreachable combinations do not contribute to the observable behavior of the system and therefore do not constrain its implementation. Their outputs and next-state values are inherently unspecified.
Unlike combinational optimization, where partially defined Boolean functions are typically supplied by the designer or derived from external constraints, sequential systems naturally contain an unspecified region formed by unreachable behavior.
GT AND Sequential Synthesis exploits this intrinsic property. Instead of immediately assigning values to the unreachable region and optimizing a single completed Boolean function, GT first searches the space of Legal Completions that preserve all reachable behavior. Conventional logic synthesis is then applied to the selected completion.
The resulting methodology introduces a new optimization stage that precedes traditional sequential synthesis while remaining fully compatible with existing synthesis tools.
Sequential logic is inherently partially defined.
2. Native Sequential Device PDBFs
2.1 Sequential Specifications
The fundamental observation underlying this work is that every deterministic sequential specification inherently defines a partially defined Boolean function.
Consider a sequential device described by a finite set of states, a set of primary inputs, a next-state function, and an output function. Although the Cartesian product of all states and all input combinations defines the mathematical state/input space, only a subset of these combinations is reachable during correct execution.
2.2 Reachable and Unreachable Regions
Let R denote the reachable state/input combinations and let U denote the unreachable combinations.
R ∩ U = ∅
R ∪ U = S × I
The behavior over R completely determines the observable functionality of the sequential device. Conversely, the behavior over U is never exercised during correct operation and therefore remains unspecified.
2.3 Definition 1 — Sequential Device PDBF
Definition 1 (Sequential Device PDBF). A Sequential Device Partially Defined Boolean Function is the pair SP = (R, U), where R specifies the behavior of all reachable state/input combinations and U denotes the unspecified behavior associated with unreachable combinations.
Unlike conventional partially defined Boolean functions, the unspecified region is not introduced by the designer and is not created by the optimization process. It is an intrinsic property of the sequential specification itself.
2.4 Principle 1 — Native Partial Definition
Principle 1. Sequential Device PDBFs are native to sequential logic. Reachability analysis does not create a Sequential Device PDBF; it reveals the specified region R and the unspecified region U that already exist within the sequential specification.
2.5 Theorem 1 — Native Sequential Device PDBF
Theorem 1. Every deterministic sequential specification induces a unique Sequential Device PDBF SP = (R, U).
Proof. The complete state/input space S × I is partitioned by reachability. Every state/input combination is either reachable or unreachable, but not both. Therefore R ∩ U = ∅ and R ∪ U = S × I. The sequential specification defines the next-state and output behavior over all reachable combinations in R. Since no valid execution enters U, behavior over U is unconstrained with respect to observable correctness. Hence the specification uniquely induces SP = (R, U). 
Sequential Device PDBFs are native to sequential logic.
3. Reachability Reveals the Sequential Device PDBF
3.1 Conventional Reachability Analysis
Conventional sequential synthesis employs reachability analysis to eliminate unreachable states, simplify state encodings, compute sequential don’t-cares, or reduce verification complexity. In these uses, reachability is typically treated as supporting information for implementation-level optimization.
3.2 GT Interpretation of Reachability
GT AND Sequential Synthesis assigns reachability analysis a broader role. Reachability does not modify the sequential specification; it exposes the partial definition already present within it. The complete state/input space is partitioned into the reachable region R and the unreachable region U. Only R contributes to observable functionality.
ONLY reachable behavior defines correctness.
The behavior assigned to U has no effect on functional correctness, provided that no reachable execution can enter U. This observation transforms unreachable behavior from a verification artifact into an optimization resource.
3.3 Definition 2 — Sequential Opportunity Space
Definition 2 (Sequential Opportunity Space). Given a Sequential Device PDBF SP = (R, U), the Sequential Opportunity Space, denoted SOS(SP), is the set of all legal assignments to U while preserving every element of R.
Each element of SOS(SP) corresponds to a completely specified sequential device that is functionally equivalent over all reachable executions. Different elements may nevertheless yield implementations with substantially different gate count, logic depth, wiring, fan-out, power, or technology-mapped cost.
3.4 Theorem 2 — Reachability Partition
Theorem 2. Reachability uniquely partitions the complete state/input space into the reachable region R and the unreachable region U.
Proof. For a fixed initial condition and operating model, every state/input combination either occurs in at least one valid execution or does not occur in any valid execution. These two cases are mutually exclusive and collectively exhaustive. Therefore the partition is unique. 
3.5 Corollary 1 — Correctness over R
Corollary 1. Any two completions that agree on R are functionally equivalent over all reachable executions, regardless of their assignments over U.
Proof. Every valid execution visits only combinations in R. If two completions agree on all elements of R, they produce identical next-state and output behavior along every valid execution. Assignments over U cannot be observed. 
Unreachable behavior defines optimization freedom.
4. GT AND Sequential Synthesis
GT AND Sequential Synthesis extends Completion Optimization from combinational PDBFs to sequential devices. Unlike conventional sequential synthesis, which optimizes one completed transition and output relation, GT searches the Sequential Opportunity Space before logic synthesis.
4.1 Reachability Analysis
The reachable state/input combinations are computed from the sequential specification, initial conditions, and permitted operating environment. Exhaustive traversal is sufficient for small finite-state machines; symbolic simulation, SAT, BDDs, formal reachability, abstraction, or compositional analysis may be used for larger systems.
4.2 Sequential Device PDBF Construction
The next-state and output values associated with R are preserved exactly. Every combination in U is represented as unspecified behavior. The resulting multi-output PDBF is the Sequential Device PDBF of the controller under the selected operating model.
4.3 Completion Optimization
GT explores SOS(SP) and selects Legal Completions according to one or more implementation objectives. The objectives may include gate count, logic depth, wire count, fan-out, estimated area, power, FPGA LUT count, or combinations of these metrics.
4.4 Logic Synthesis
After a Legal Completion is selected, conventional logic synthesis optimizes the resulting completely specified next-state and output functions. The conventional synthesis engine remains unchanged; GT provides it with a more favorable Boolean representation.
4.5 Technology Mapping
The optimized network may then be mapped to the target gate library, standard-cell library, FPGA architecture, or other implementation technology using established mapping tools.
4.6 Algorithm Summary
Extract the sequential specification and its state variables.
Compute the reachable state/input region R.
Define the unreachable region U as the complement of R.
Construct the Sequential Device PDBF SP = (R, U).
Search SOS(SP) using Completion Optimization.
Select one or more Legal Completions according to the optimization objective.
Apply conventional logic synthesis and technology mapping.
Optionally repeat the process when state assignment or architectural choices are also optimized.
Figure 1. GT AND Sequential Synthesis flow.
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GT exploits the Sequential Opportunity Space before conventional synthesis.
5. Illustrative Example
5.1 Three-State Traffic-Light Controller
A compact three-state controller is used as the sequential counterpart of the OR–XOR example introduced for combinational Completion Optimization. The controller uses present-state bits A and B, one primary input I, next-state bits A_next and B_next, and one Moore output Y. Three binary state encodings are reachable, while state 11 is unused and unreachable.
Table I. State encoding.
	A
	B
	State status

	0
	0
	Reachable state

	0
	1
	Reachable state

	1
	0
	Reachable state

	1
	1
	Unused and unreachable


5.2 Sequential Device PDBF
The complete three-input, three-output table is shown in Table II. The six rows associated with reachable states form R. The two rows associated with state 11 form U and are therefore unspecified.
Table II. Sequential Device PDBF of the three-state controller.
	A
	B
	I
	A_next
	B_next
	Y

	0
	0
	0
	0
	0
	0

	0
	0
	1
	0
	1
	0

	0
	1
	0
	0
	0
	1

	0
	1
	1
	1
	0
	1

	1
	0
	0
	0
	0
	0

	1
	0
	1
	1
	0
	0

	1
	1
	0
	X
	X
	X

	1
	1
	1
	X
	X
	X


We therefore define SP = (R, U), where R contains the six reachable state/input combinations and U contains the two combinations associated with unreachable state 11. The PDBF is given directly by the sequential specification; GT does not create the don’t-care terms.
ONLY reachable behavior defines correctness. Unreachable behavior defines optimization freedom.
5.3 PLA Representation
The multi-output Sequential Device PDBF was represented in PLA form as follows:
.i 3
.o 3
.ilb A B I
.ob A_next B_next Y
.type fr
.p 8
000 000
001 010
010 001
011 100
100 000
101 100
110 ---
111 ---
.e
The two rows containing --- are the unspecified region U.
5.4 Functional Interpretation
On every reachable combination, Y = B. GT may therefore complete the unreachable rows so that Y is implemented as a direct connection from state bit B, requiring no logic gate, no logic level, and one output wire.
A favorable completion for A_next is consistent with A_next = I(A + B), because the value at A = B = 1 may be selected freely. For B_next, the reachable behavior is B_next = IĀB̄. These expressions illustrate how assignments over U simplify implementation while preserving all behavior in R.
5.5 ABC Results
ABC was applied to the complete three-output PLA. After structural hashing and two one-second deepsyn runs, the implementation remained at seven AIG AND nodes with a maximum depth of three levels. The average output depth was 2.33 levels.
Table III. ABC synthesis results.
	Method
	AIG AND nodes
	Maximum levels
	Average levels
	Wires

	ABC + deepsyn
	7
	3
	2.33
	17

	ABC + transtoch
	6
	4
	3.00
	15


The wire count is computed as W = 2G + O for an AIG with G AND nodes and O primary outputs. Thus, the deepsyn result has 17 wires. The transtoch pass reduced the gate count from seven to six but increased the maximum depth from three to four levels, producing an area–depth trade-off rather than a simultaneous improvement.
5.6 GT Results
GT processed the same three-output Sequential Device PDBF simultaneously. It found 34 versions with the same measured optimum: four gates, two logic levels, and eleven wires.
Table IV. GT Completion Optimization result.
	Metric
	GT result

	Gates
	4

	Maximum logic level
	2

	Wires
	11

	Optimal versions
	34


The 34 versions provide a concrete manifestation of the Sequential Opportunity Space: distinct Legal Completions or implementations may share the same optimum structural cost.
5.7 Experimental Comparison
Table V. Complete-controller comparison.
	Method
	Gates
	Maximum levels
	Wires

	ABC + deepsyn
	7
	3
	17

	ABC + transtoch
	6
	4
	15

	GT Completion Optimization
	4
	2
	11


Relative to the deepsyn result, GT reduces gate count by 42.9%, maximum logic depth by 33.3%, and wire count by 35.3%. Relative to the area-oriented transtoch result, GT reduces gate count by 33.3%, maximum logic depth by 50.0%, and wire count by 26.7%. GT therefore dominates both ABC operating points.
5.8 Interpretation
The controller contains only two unreachable state/input combinations. Nevertheless, these two combinations provide sufficient optimization freedom for GT to reduce the complete multi-output implementation from seven AIG AND nodes and three logic levels to four gates and two levels. ABC could reduce area from seven to six nodes only by increasing depth from three to four levels. GT instead produced a solution that simultaneously improved area, depth, and wiring.
The experiment demonstrates that the Sequential Device PDBF is native to the sequential specification and that even a small unreachable region can provide valuable optimization opportunities. It therefore serves as the sequential counterpart of the OR–XOR example: a compact, transparent demonstration of Completion Optimization before larger benchmark studies.
The traffic-light controller demonstrates the complete methodology.
6. Relationship to Completion Optimization
6.1 Relationship to Paper I
The Sequential Device PDBF establishes the missing connection between sequential specifications and the Completion Optimization methodology introduced in Paper I. Once reachability partitions the state/input space into R and U, the optimization problem becomes a multi-output Completion Optimization problem. SOS(SP) consists of all Legal Completions of U that preserve R exactly.
GT AND Sequential Synthesis therefore does not require a different optimization engine. It applies Completion Optimization after the Sequential Device PDBF has been exposed. The extensive results previously obtained for combinational PDBFs support the optimization stage of the present methodology.
6.2 Relationship to Paper II
Paper II showed that ordinary RTL blocks may be completely specified in isolation while only a subset of their local input terms is reachable in the complete design. Contextual PDBF extraction reveals the corresponding hidden contextual don’t-care conditions. The present work extends the same principle to circuits containing state: reachability over executions exposes native sequential partiality in next-state and output functions.
6.3 Unified GT Synthesis Framework
The three papers form a unified functional optimization framework. Paper I explains how to optimize a PDBF. Paper II explains how contextual constraints reveal PDBFs in combinational RTL. This paper demonstrates that sequential specifications inherently define Sequential Device PDBFs through unreachable behavior.
Partially defined Boolean functions are therefore not exceptional cases requiring artificial construction. They arise naturally at multiple levels of digital system specification and provide a common optimization framework spanning combinational logic, RTL context, and sequential devices.


Figure 2. Unified GT Synthesis framework.
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Sequential Device PDBFs connect sequential synthesis with Completion Optimization.
7. Discussion
7.1 Scientific Contributions
The central contribution of this work is conceptual rather than merely algorithmic. Conventional sequential synthesis treats unreachable behavior primarily as a verification artifact or as information for state reduction and local simplification. GT AND Sequential Synthesis interprets unreachable behavior as functional optimization freedom that exists before logic synthesis begins.
This viewpoint identifies a previously underemphasized property of sequential specifications: partial definition is intrinsic. The Sequential Device PDBF is not generated by GT and is not an approximation. It is the exact specification restricted to behavior that can actually occur.
7.2 Compatibility with Existing Synthesis Flows
GT modifies only the completion stage. Existing synthesis engines, optimization passes, verification tools, and technology mappers require no change; they receive a more favorable completely specified Boolean representation. GT AND Sequential Synthesis therefore extends, rather than replaces, conventional sequential synthesis.
7.3 Scalability
The traffic-light controller is intentionally small and serves as a proof-of-concept example. For larger controllers, explicit enumeration of the complete state/input space may be impractical. However, the methodology is independent of the reachability engine. Symbolic simulation, SAT, BDDs, formal model checking, abstraction, and compositional analysis can expose R and U without exhaustive enumeration.
The potential Sequential Opportunity Space may be extremely large because unreachable state/input combinations contribute multiple unspecified next-state and output values. Directed Search Strategies are therefore essential, as in combinational Completion Optimization. The practical cost is expected to depend on the structure and sparsity of reachable behavior rather than only on the nominal size of the complete state/input space.
7.4 Future Research
Application to standard FSM and sequential benchmark suites.
Protocol-aware optimization for AXI, PCI Express, USB, Ethernet, UART, SPI, I²C, CAN, and DDR controllers.
Simultaneous optimization of state assignment, next-state logic, output logic, and unreachable behavior.
Symbolic, SAT-based, BDD-based, and formal reachability extraction.
Integration with the PDBF Passport Library for recognition and reuse of optimized sequential functions.
FPGA and ASIC evaluation using technology-mapped area, delay, power, fan-out, and wiring metrics.
Machine-learning-guided exploration of large Sequential Opportunity Spaces.
Optimization of processor control, pipeline control, memory systems, accelerators, and safety controllers.
Native PDBFs fundamentally change the role of reachability.
8. Conclusions
This paper introduced GT AND Sequential Synthesis, a methodology that exploits optimization freedom naturally present within sequential specifications.
The central observation is that deterministic sequential systems are inherently partially defined. Only reachable state/input combinations determine observable behavior, while unreachable combinations remain unspecified. These combinations form a Sequential Device PDBF and provide optimization freedom before conventional logic synthesis begins.
Reachability analysis therefore does not create optimization opportunities. It reveals the specified reachable region R and the unspecified unreachable region U that already exist within the sequential specification. Completion Optimization can then search the resulting Sequential Opportunity Space to identify implementations with reduced logic complexity while preserving all observable behavior.
The three-state controller illustrates the methodology. Despite containing only two unreachable state/input combinations, GT reduced the implementation from seven to four logic gates while simultaneously reducing logic depth and wiring complexity. The example demonstrates that even modest amounts of unreachable behavior can provide significant optimization opportunities.
More broadly, this work establishes a unified perspective on GT Synthesis. Paper I introduced Completion Optimization for PDBFs. Paper II showed that contextual constraints reveal PDBFs in RTL specifications. This paper demonstrates that sequential logic inherently defines Sequential Device PDBFs through unreachable behavior.
The principal conclusion is therefore not merely the introduction of a new synthesis methodology, but the recognition of a fundamental property of sequential systems.
Sequential logic is inherently partially defined.
ONLY reachable behavior defines correctness.
Unreachable behavior defines optimization freedom.
By recognizing and exploiting this intrinsic property, GT AND Sequential Synthesis introduces a new optimization stage that complements conventional synthesis while remaining compatible with established industrial design flows.
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